(2) Fo, = ^-^n Z--z n r---*», «_i r(l + a« -c,-) n =o *-i r(l + c* -c,-+ n) i= 1,2,-• • ,<? + 1; \z\ < 1. PROOF. If we substitute into equation (1) the series Moreover, the coefficients a n satisfy the recurrence formula
1. Introduction. In a recent paper,* the author gave the relations among the non-logarithmic solutions of the equation
(i) ill (* + ««) IL(e + c,-i)\y~o,
where 6 = z{d/dz) and where the a t and c t are any constants, real or complex, the only restriction being that one of the c t must be equal to unity. Such solutions can be found in a number of places in the literature, f But in attempting to study the logarithmic cases of the problem treated in the above-mentioned paper, the author was unable to find the logarithmic solutions of equation (1) in the literature. It is the purpose of this paper to present these logarithmic solutions, but for the sake of completeness, the non-logarithmic solutions are also given. The methods used are those of Frobenius.J 2. Non-logarithmic solutions. The solutions of equation (1) about the point 2 = 0 are all non-logarithmic in character if no two of the c t are equal or differ by an integer; and even if some of the c t are equal or differ by an integer, the solutions will continue to be non-logarithmic provided certain of the c t are equal to or differ from certain of the a t by an integer. Since these special cases can easily be recognized, we shall avoid them in our theorems by making the hypotheses stronger than necessary. Fo(w) = Z «M"+«, Moreover, the coefficients a n satisfy the recurrence formula
which leads to the final result
a t )T(w + c t + n)
If we take «0 = 1 and use (8) in (3), we have «+ 1 r(w + <*) A ftt r(w + a t + n) from which the various solutions may be obtained by setting w equal to the roots (6) of equation (5). This leads to the desired result (2).
In a similar manner, we may prove the following theorem:
THEOREM 2. If no two of the a t are equal or differ by an integer, then the solutions of equation (1) about the point z = <*> are non-logarithmic in character and may be written in the form
3. Logarithmic solutions. If we suppose that r of the c t are equal or differ by an integer, and assume at the same time that none of these r Ct are equal to or differ from any of the a t by an integer, then the proof of Theorem 1 breaks down, since a zero factor will appear in the denominator of (7) for some values of n. Under these conditions, r of the solutions of (1) about the point 2 = 0 become logarithmic in character. There is no loss of generality in taking the r c t 's as £i, c 2 , • • • , c r , arranged with their real parts in ascending order; thus, let us assume that
where each l v is zero or a positive integer. Under these conditions we may state the following theorem: 
(w) = K(w)(w + c r -iy~lY 0 (w), V'(w), V"(w), • • • ; V<*-»&),
in which Yo(w) is given by (9), and in which K(w) is an arbitrary analytic function of w for w = l-c r . Now V(w) may be written Since K{w) is an arbitrary analytic function of w for ze> = 1 -c r , we may choose it so that (17) reduces to the form
Thus,
According to the theory of Frobenius, then, we have
In order to obtain the desired result (12) from (20), we give a proof by induction. First of all, we note that
which is the desired result (12) for j = 2. To complete the proof, we assume that (12) 
"_i 0 -^)! The second summation here agrees with the second summation of (12). In order to show that the two first summations agree, we make use of our above assumption that
A (ft-1)1 + E^-frC^CO,*), 2 ^ * ^ j -1,
When (24) is substituted into the first summation of (22), we obtain Z C_i,»_i(log «)*"*(-1)*É (-l)*C*-i,*-i(log *)»-Fo. When (27) is used in the last member of (25), we obtain the desired first summation of (12). This completes the proof of Theorem 3. If we assume that •g'if^f'ft'if'-H' t.v r(l -a t + a" + w + w) L 2 J
